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2 :
F $I_{\mathrm{S}}(f)$ $=$ $\int_{-\infty}^{\infty}f(x)\mathrm{d}_{X}$, (1.3)







$h$ . $h$ . $h$ . $h$ . $h$ . $h$ .
$...<-_{\overline{\pi}}j_{n}k$. $<\cdot$. $\cdot\cdot<-_{\overline{\pi}}\gamma_{n2}<-_{\overline{\pi}}\gamma n1<\overline{\pi}^{Jn1}<\overline{\pi}^{j_{n2}}<\cdots<\overline{\pi}^{j_{nk}}<\cdots$ (2.1)
( $h>0$ $0<j_{n1}<j_{n2}<\cdots<ink<\cdots$ Bessel $J_{n}(x)$ )
[1] – :
$f(x)$ $\approx$ $L_{h}^{(n)}f(X)$ (22)
$\equiv-\sum_{k=1}^{\infty}f(\frac{h}{\pi}j_{nk}\mathrm{I}^{\frac{(l\tau j_{nk/}(\pi x))^{n}J_{n}(\pi X/h)}{J_{n+1}(jnk)(\pi x/h-jnk)}+}k\sum f\infty=1(-\frac{h}{\pi}j_{n}k\mathrm{I}\frac{(hj_{nk}/(\pi x))^{n}J_{n}(\pi x/h)}{J_{n+1}(j_{nk})(\pi x/h+j_{nk})}\cdot$
$f(z)$
:
$\triangle L_{h}^{(n)}f(_{X})\equiv f(x)-L_{h}n)f((x)=\frac{J_{n}(\pi x/h)}{2\pi \mathrm{i}x^{n}}\int_{\mathrm{r}}\frac{z^{n}f(z)\mathrm{d}_{Z}}{(z-x)\sqrt n(\pi Z/h)}$ , (2.3)
F Fig. 1 F $f(z)$
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$\equiv h\sum_{k=1}^{\infty}f(\frac{h}{\pi}j_{nk}\mathrm{I}^{\frac{\mathrm{H}_{n}(j_{nk})}{\sqrt n+1(jnk)}+}h\sum k=1\infty f(-\frac{h}{\pi}j_{n}k\mathrm{I}\frac{\mathrm{H}_{n}(j_{nk})}{J_{n+1}(j_{nk})},$ (24)
$\mathrm{H}_{n}(x)$ $0$ Struve $[7]_{0}$ ( ) Lagrange-Bessel
(2.4) Lagrange-Bessel (2.3) $x$
:
$\triangle Q_{\mathrm{S}}^{(n})(f, h)$ $\equiv$ $I_{\mathrm{S}}(f)-Q( \mathrm{s}(\gamma l)f, h)=\frac{1}{2\pi \mathrm{i}}\int_{\Gamma}f(z)\Phi_{\mathrm{s}^{)}}(n(z, h)\mathrm{d}Z,$ (2.5)
$\Phi_{\mathrm{S}}^{(n)}(_{\mathcal{Z}}, h)$ $=$ $\pi(\mp \mathrm{i}+\frac{\mathrm{H}_{n}(TZ/h)}{J_{n}(\pi z/h)})$ $(\pm{\rm Im} z>0)$ , (2.6)
\Gamma Fig. 1 \Gamma $f(z)$
$\text{ _{ } }\Phi_{\mathrm{s}}(n)(z, h)$ [2] (2.5)
(2.6)
[7]
$J_{n}( \frac{\pi z}{h})\sim\sqrt{\frac{2h}{\pi^{2}z}}\cos[\frac{\pi}{l_{l}}(z-\frac{nh}{2}-\frac{h}{4})]$ $(|\arg_{Z1<}\pi)$ , (2.7)
$\pm J_{n}(\frac{\pi z}{h})+\mathrm{i}\mathrm{H}n(\frac{\pi z}{lx})\sim H_{n}(2)1(\frac{\pi z}{l_{l}})+\frac{\mathrm{i}}{\pi}\sum_{m=0}^{\infty}\frac{\Gamma(m+1/2)}{\Gamma(n-m+1/2)}(\frac{\pi z}{2h})^{n}-2m-1$
$(|\arg_{Z|}<T)$
(2.8)
$(H_{n}^{(1)}(\pi z/h), H_{n}^{(2)}(\pi Z/h)$ Hankel )
$H_{n}^{(1)}( \frac{\pi z}{h})$ $\sqrt{\frac{2h}{\pi^{2}z}}\exp[\mathrm{i}\frac{\gamma_{1}}{h}(z-\frac{nh}{2}-\frac{h}{4})]$ $(-\pi<\arg z<2\pi)$ , (2.9)
$H_{n}^{(2)}( \frac{\pi z}{lx})$ $\sqrt{\frac{2h}{\pi^{2}z}}\exp[-\mathrm{i}\frac{\pi}{h}(z-\frac{nh}{2}-\frac{h}{4})]$ $(-2\pi<\arg z<\pi)$ , (2.10)
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$(-1)^{n}Jn(\pi z/h_{\mathrm{J}}),$ $(-1)^{n}\mathrm{I}\mathrm{i}(n\pi \mathcal{Z}/h)$
$\Phi_{\mathrm{S}}^{n}(z, h)\approx Ch^{1/n}2-nz-1/2\exp(\pm \mathrm{i}^{\frac{\pi}{h}}z)$ $(\pm{\rm Im} z\gg \mathrm{O})$ (2.11)
(C $h$ )
$f(z)$ $z=a1,$ $a2,$ $\cdots,$ $aL$ $|z|arrow\infty$
– $|z^{n-1/}f2(Z)|arrow 0$ (2.5)
$| \triangle Q_{\mathrm{S}}^{()}n(f, h)|=|-\sum_{l=1}^{L}f(al)\Phi_{\mathrm{s}}(n)(a_{l}, h)|\approx|C||f(a_{M})|h1/2-n|aM|^{n}-1/2\mathrm{p}\mathrm{e}\mathrm{x}(-\frac{\pi}{h}|{\rm Im} a_{M}|)$
( $| \mathrm{I}_{\mathrm{l}}\mathrm{n}a_{M}|=\min_{l1}^{L}\{=|{\rm Im} al|\}$ )





$I_{\mathrm{s}}(f) \approx Q_{\mathrm{t}\mathrm{r}\mathrm{a}}\mathrm{P}\mathrm{e}(f, h)\equiv h\sum_{k=-\infty}^{\infty}f(kh)$
[51.
$\Delta Q\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{p}\mathrm{e}(f, h)$ $\equiv I_{\mathrm{s}}(f)-Q_{\mathrm{t}_{\Gamma}}\mathrm{a}_{\mathrm{P}}\mathrm{e}(f, h)=\frac{1}{2\pi \mathrm{i}}\int_{\Gamma}f(z)\Phi\iota \mathrm{r}\mathrm{a}\mathrm{p}\mathrm{e}(z, h)\mathrm{d}_{Z}$,
$\Phi_{\mathrm{t}\mathrm{r}\mathrm{a}_{1^{)\mathrm{e}}}}(z, h)$ $=$ $\frac{\pi\exp(\pm \mathrm{i}\pi z/h)}{\sin(_{T}z/h)}$ $(\pm{\rm Im} z>0 )$ .
2
$|\Phi_{\mathrm{s}^{n}}^{()}(Z, l\iota)|$ $\approx$ $Ch^{1/2n}-|z|n-1/2 \exp(-\frac{\pi}{h}|{\rm Im} z|)$ ,
$|\Phi_{\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{p}}(\mathrm{e}Z, h)|$ $\approx$ $2 \pi\exp(-\frac{2\pi}{h}|{\rm Im} z|)$

















$\triangle Q_{\mathrm{A}}(\mathit{1}^{\cdot}, h,)$ $\equiv$ $I_{\mathrm{A}}(0)(f)-Q(0)( \mathrm{A}f, h)=\frac{1}{2\pi \mathrm{i}}\int_{\Gamma}f(z)\Phi_{\mathrm{A}}(0)(z, h)\mathrm{d}z$, (2.13)
$\Phi_{\mathrm{A}}^{(0)}(_{Z}.’ h)$ $=$ $\{$
$-\mathrm{i}\pi H_{0}^{()}(1\pi z/h)/J_{0}(\pi z/h)$ $({\rm Im} z>0)$ ,
$\mathrm{i}\pi H_{0}^{()}2(\pi z/h)/J_{0}(\pi z/h)$ $({\rm Im} z<0)$ .
(2.14)
$\text{ }\Phi^{(n)}(\mathrm{A}Z, h)$ (2.13)
$(2.7),(2.9),$ $(2.10)$ $J_{0}(\pi \mathcal{Z}/h)$
$\Phi_{\mathrm{A}}^{(0)}(z, h)\approx\mp 2\pi \mathrm{i}\exp(\pm \mathrm{i}\frac{2\pi}{h}z)$ $(\pm{\rm Im} z\gg \mathrm{O})$ (2.15)
$f(z)$ $z=a_{1},$ $a_{2},$ $\cdots,$ $a_{L}$ $|z|arrow\infty$
– $|f(Z)|arrow 0$ (2.13)
$| \triangle Q_{\mathrm{A}}^{(0)}(f, h)|=|-\sum_{l=1}^{L}f(al)\Phi^{()}(\mathrm{A}al, h)|0\approx 2\pi|f(a_{M})|\exp(-\frac{2\pi}{h}|{\rm Im} a_{M}|)$
( $|{\rm Im} a_{M}|=\mathrm{I}\mathrm{n}\mathrm{i}\mathrm{n}_{l}^{L}\{=1|\mathrm{I}\mathrm{n}1a_{l}|\}$ )
Lagrange-
Bessel ( )
$|\Phi_{\mathrm{A}}^{(0)}(Z, h)|$ $\approx$ $2 \pi\exp(-\frac{2\pi}{h}|{\rm Im} Z|)$ ,
$|\Phi_{\mathrm{t}\mathrm{e}}\mathrm{r}‘\backslash \mathrm{p}(Z, h)|$ $\approx$ $2 \pi\exp(-\frac{2\pi}{h}|{\rm Im} Z|)$
Lagrange-Bessel
Bessel $n$ – Lagrange-Bessel
:
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$Q_{\mathrm{A}}^{(1)}(f, h)$ $=$ $h \sum_{k=1}^{\infty}f(\frac{h}{\pi}j_{1k})\frac{N_{1}(j_{1k})}{J_{2}(j_{1k})}-h\sum_{k=1}^{\infty}f(-$. $\frac{h}{\pi}j_{1k}\mathrm{I}\frac{N_{1}(j_{1k})}{J_{2}(j_{1k})}$
$+4( \frac{lx}{\pi})^{2}f’(\mathrm{o})$ , (2.17)
$Q_{\mathrm{A}}^{(2)}(f, h)$ $=$ $h. \sum_{k=1}^{\infty}f(\frac{l\iota}{\pi}j_{2k})\frac{N_{2}(j_{2k})}{J_{3}(j_{2k})}-h\sum_{=k1}^{\infty}f(-\frac{h}{\pi}j_{2k})\frac{N_{2}(j_{2k})}{J_{3}(j_{2k})}$
$+$ $\frac{32}{3}(\frac{l\iota}{\pi})^{2}f’(0)+\frac{16}{3}(\frac{h}{\pi})^{4}f(s)(0)$ . (2.18)
(2.16) :
$\triangle Q_{\mathrm{A}}^{(n)}(f, h)$ $\equiv I_{\mathrm{A}}(f)-Q_{\mathrm{A}}^{(_{lt)}}(f, h)=\frac{1}{2\pi \mathrm{i}}\int_{\Gamma}f(_{\mathcal{Z}})\Phi_{\mathrm{A}}(n)(z, h)\mathrm{d}Z$ , (2.19)
$\Phi_{\mathrm{A}}^{(_{?l})}(_{\mathcal{Z}}, h)$ $=$ $\{$
$-\mathrm{i}TH_{n}^{(}1)(\pi z/h)/J_{n}(\pi z/h)$ $({\rm Im} z>0)$ ,
$\mathrm{i}\pi H_{n}^{(2)}(\pi z/h)/J_{n}(\pi z/h)$ $({\rm Im} z<0)$ .










$x= \frac{\pi}{h}\varphi(u)$ , $\varphi(u)=\frac{u}{1-\exp(-2\pi\sinh u)}$ (3.2)
( ) .
$I_{\mathrm{F}\circ \mathrm{u}\mathrm{r}} \mathrm{i}\mathrm{e}\mathrm{r}(\hat{f})=\frac{\pi}{h}\int_{-\infty}^{\infty}F(\frac{\pi}{h}\varphi(u))\varphi(u)\mathrm{d}\prime u$ $(F(x)=\hat{f}(x)\sin x)$ . (3.3)
2: (3.3) :
$I_{\Gamma_{0}} \iota U\mathrm{i}\mathrm{e}\mathrm{r}(\hat{f})\approx\pi k=-\infty\sum^{\infty}F(\frac{\pi}{h}\varphi(k\text{ }))\varphi’(kh)$. (3.4)
$\blacksquare$
\mbox{\boldmath $\varphi$}(u)
$\varphi(u)\sim u$ ( ) $(uarrow+\infty)$ (3.5)











$x= \frac{\pi}{lx}\varphi(u)$ , $\varphi(u)=\frac{u}{1-\exp(-2_{T}\sinh u)}$ (3.7)
:
$I_{\mathrm{B}1}^{(?l})( \mathrm{e}\mathrm{s}\mathrm{S}\mathrm{e}\hat{f})=\frac{\pi}{h}\int_{-\infty}^{\infty}G_{n}(\frac{\pi}{h}\varphi(u))\varphi’(u)\mathrm{d}u$ $(G_{n}(x)=\hat{f}(x)Jn(X))$ . (3.8)
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$+ \pi\sum_{k=1}^{\infty}G_{n}(\frac{\pi}{h}\varphi(-\frac{l_{l}}{\pi}j_{nk}))\varphi l(-\frac{h}{\pi}j_{nk})\frac{\mathrm{H}_{n}(j_{nk})}{J_{n+1}(j_{nk})}$. (3.9)
$\blacksquare$
$\frac{\pi}{h}\varphi(\frac{l_{l}}{\pi}jnk)\sim\frac{\pi}{l_{l}}\cdot\frac{l_{l}}{\pi}jnk=\dot{\gamma}nk$ ( ) $(karrow\infty)$ (3.10)
(2.16)
: f(x)
$\int_{0}^{\infty}f(x)\mathrm{d}x$ $r’$. $h. \sum_{k=1}^{\infty}f(\frac{h}{\pi}jnk)\frac{N_{n}(j_{nk})}{J_{n+1}(jnk)}$ (3.11)
$+$ $\sum_{\lambda=0}^{ll-1}\frac{f^{2\backslash +1}\prime(0)}{(2\lambda+1)!}(\frac{h}{\pi}\mathrm{I}^{2(\lambda+1)}n-\sum_{=}^{-1}\lambda m0\frac{(n-m-1)!}{m!}2^{n-}2m-1c_{n-}(n)\lambda-m-1$ .
|J (3.11) x=(\mbox{\boldmath $\pi$}/ )\mbox{\boldmath $\phi$}(u)
(1) \mbox{\boldmath $\phi$}(u) \mbox{\boldmath $\varphi$}(u) :




33( \langle ) 1:
$x= \frac{\pi}{l\iota}\phi(u)$ , $\phi(u)=u\tanh(\frac{\pi}{2}\sinh u)$ (3.13)
:
$I_{\mathrm{B}\mathrm{e}}^{()}n_{\mathrm{S}\mathrm{s}\mathrm{e}1}( \hat{f})=\frac{}\pi}{\text{ }\int_{0}^{\infty}G_{n}(\frac{}\pi}{\text{ }\phi(u))\phi’(u)\mathrm{d}u$ . (3.14)
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$+ \sum_{\lambda=0}^{n-1}(\frac{\mathrm{d}}{\mathrm{d}\mathrm{u}})^{2\lambda 1}+)\{Gn(\frac{}\pi}{\text{ }\phi(u))\emptyset’(u\}|_{u}=0^{\cdot}$
,
$\cross\frac{1}{(2\lambda+1)!}(\frac{\text{ }{\pi}})^{2}\lambda n-\lambda-1\sum_{m=0}^{+1}\frac{(n-m-1)!}{m!}2^{n}-2m-1c_{n}^{(}n)(-\lambda-m-13.15)\bullet$
$n=0,1,2$ (3.14) $\not\in_{\mathrm{i}_{\overline{\nearrow}}^{\mathrm{F}_{\frac{1}{\backslash }}}}\varpi \text{ ^{}f_{\sim}^{\sim}}\ovalbox{\tt\small REJECT} \text{ }\mathrm{T}^{-}garrow\epsilon\text{ }$ :
$Q_{\mathrm{L}}^{(1)}Q_{\mathrm{L}\mathrm{B}\mathrm{A}}(0)(\hat{f},\text{ })\mathrm{B}^{-}-\mathrm{A}(\hat{f},|\iota)$
$==$ $\pi.\sum_{k}^{\sum^{\infty}}\pi_{k}\infty=1=1c\tau 1(\frac{\pi}{l\iota}\phi(\frac j1k))\emptyset’(\frac G0(\frac{\pi}{l\iota}\phi(\frac{ }{\pi\pi \text{ }}j\mathrm{o}-k))\phi’(\frac{lx}{\pi\pi h}j0k)j1k)\frac{\frac{N_{0}(j0k)}{N_{1}(j1k)J_{1}(j_{0}k)}}{J_{2}(j_{1k})},+2\text{ }G1(0)$
,
$(3.1(3.16)7)$
$Q_{\mathrm{L}\mathrm{B}\mathrm{A}}^{(2)}-(\hat{f}, h)$ $=$ $\pi\sum_{k=1}^{\infty}G_{2}(\frac{}\pi}{\text{ }\emptyset(\frac{\text{ }{\pi}}j2k))\phi;(\frac{h}{\pi}j_{2k})\frac{N_{2}(j_{2k})}{J_{3}(j_{2k})}$
$+$ $[ \frac{16}{3}lx-\frac{8}{3}(1-\frac{2}{\pi^{2}})h3]G2(\mathrm{o})+8\text{ ^{}2}G’2(\mathrm{o})$ . (3.18)
$\vec{}$ $\text{ ^{}\backslash }- j_{\dot{\overline{l}}}^{\mathrm{B}}\mathrm{E}F$ \nearrow -}\tau -^\dashv l-^a\emptyset ‘‘‘g \acute $\backslash$
ffl $f_{\delta}$ I
\sim \mbox{\boldmath $\pi$} \langle -C $\#$ 1 v
Fig 2 Comparison of the performance of
Lagrange-Bessel symmetric quadrature and an-–
tisymmetric one for $\int_{0}^{\infty_{J_{0}}}(X)\mathrm{d}X$ (The $\mathrm{h}\mathrm{o}\mathrm{r}\mathrm{i}_{\mathrm{Z}\mathrm{O}11}\mathrm{t}\mathrm{c}\mathrm{r}$?
axis is of the number of abscissae used. The ab-
solute errors are plotted ).
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2$\triangle Q_{\mathrm{L}}^{(}n\mathrm{B}\mathrm{s})(f.ll)\wedge$, $\equiv$ $I_{\mathrm{B}\mathrm{e}\mathrm{S}}((\prime \mathrm{t}))-Q_{\mathrm{L}}(n)\mathrm{S}\mathrm{e}1\hat{f}\mathrm{B}-\mathrm{S}(\hat{f}, h)$
$= \frac{\pi}{h}\cdot\frac{1}{2\pi \mathrm{i}}\int_{\Gamma}G_{n}(\frac{\pi}{l_{l}}\varphi(w))\varphi’(w)\Phi_{\mathrm{s}^{n}}^{(}())\mathrm{d}ww,$$h$ (3.20)
(3.7)
$(\pi/h)$ (3.20)
$\Phi_{\mathrm{S}}^{(n)}(Z, h)$ $G_{n}$ $G_{n}$ Bessel (
) ${\rm Re} w$
$|G_{n}( \frac{\pi}{l\iota}\varphi(w))\varphi’(w)|\approx|G_{n}(\frac{\pi}{h}w)|\propto|\sqrt n(\frac{}\pi}{\text{ }w)|\approx\sqrt{\frac{h}{2\pi^{2}|w|}}\exp(\frac{}\pi}{\text{ }|{\rm Im} z|)$ (321)
$\text{ _{ } _{ } }\Phi^{(n)}\mathrm{S}$
$| \Phi_{\mathrm{S}}^{(n)}(w, \prime l)|\approx|C|h1/2-n|w|^{n}-1/2\mathrm{p}\mathrm{e}\mathrm{x}(-\frac{\pi}{h}|{\rm Im} w|)$
$G_{n}(\pi\varphi(w)/h)\varphi’(W)$ (3.21)
(3.20)
$| \frac{}\pi}{\text{ }c_{7}n(\frac{\pi}{h}\varphi(1U))\varphi(w)\Phi_{\mathrm{S}}^{(}n)(u)\text{ })|/$, $\propto$ $\frac{}\pi}{\text{ }\sqrt{\frac{\text{ }{2_{T^{2}}|w|}}}\exp(\frac{\pi}{h}|{\rm Im} w|)$
$\cross|C|\text{ }1/2-n|w|n-1/2\exp(-\frac{\pi}{h}|{\rm Im} w|)$
$=$ const $\cdot h^{-n}|w|^{n-}1$




$= \frac{\pi}{lx}\cdot\frac{1}{2\pi \mathrm{i}}\int_{\Gamma}G_{n}(\frac{\pi}{h}\phi(w))\phi’(w)\Phi^{()}\mathrm{A}n(w, h)\mathrm{d}w$ (3.22)
$G_{n}(\pi\phi(w)/h)\phi’(w)$
$|G_{n}( \frac{\pi}{l\iota}\phi(w))\phi/(u2)|\approx|C7,\iota(\frac{\pi}{l\iota}.\mathrm{t}\mathit{0})|\propto|J_{n(\frac{}\pi}{\text{ }w)}|\approx\sqrt{\frac{h}{2\pi^{2}|w|}}\exp(\frac{}\pi}{\text{ }|{\rm Im} z|)$ (3.23)
$\text{ _{ } _{}\Phi_{\mathrm{A}}^{(}}n)(w, h)$
$|^{(\mathrm{I}_{\mathrm{A}}^{)}}(_{\mathit{7}l})(w, h)| \approx 2\pi\exp(-\frac{}2\pi}{\text{ }|{\rm Im} w|)$
(3.22)
$| \frac{\pi}{h}c_{n}(\frac{\pi}{h}\emptyset(w))\emptyset’(w)\Phi_{\mathrm{A}}^{(n)}(w, h)|$ $\propto$ $\frac{\pi}{l_{l}}\sqrt{\frac{\text{ }{2\pi^{2}|w|}}}\exp(\frac{\pi}{h}|{\rm Im} w|)\cdot 2T\exp(-\frac{2\pi}{h}|{\rm Im} w|)$
$=$ COnst $\cdot h-1/2|w|-1/2\mathrm{p}\mathrm{e}\mathrm{x}(-\frac{}\pi}{\text{ }|{\rm Im} w|)$
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